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PROCEDUREFORCAICUIATJNGFLUTTERATHI= SUPERSONIC
SPEEDINCLUDINGCAMBEREFLECTIONS,AND
CCMPARISOI?W m ExPERn4ENTALRESULTS
ByHomerG.Morgan,VeraHuckel,
andWry L.Runyan
A methodwhichmaybeusedathighsupersonicMachnumbersis
describedforcalculatingtheflutterspeedofwingshavingcamberin
theirdeflectionmodes.Thenormalcoupledvibrationmodesofthewing
areusedtoderivetheequationsofmotion.Chord eflectionsofthe
vibrationmodesareapproximatedbypolynomials.Thewingmayhavea
controlsurfaceandmaycarryexternalstoresalthoughnoaerodynamic
forcesonthestoresarepresented.Theaerodynamicforcesthatare
assumedtobeactingonthewingareobtaiaedfrcunpistontheoryand
alsofroma quasi-steadyformofa theoryfortwo-dimensionalsteady
flow.Airfoilshapeandthicknesseffectsaretakenaccountofinthe
analysisl
ThemethodIsusedtocalculateheflutterspeedofsanewings
whichhadbeenpreviouslytestedatMachnmibersof1.3to3.0. Com-
parisonofthetalc-tionsandexperimentismadeforfkt-pkte600
and 45° deltawingsandalsoforanuntapered45° sweptbackwing.
INTRODUCTION
Therequirementsforlowdragathighspeedhaveledtotheuseof
thinlow-aspect-ratiowings.Structuralwei~tsmustalsobeminimized
toavoidpenalizingperformance.Whensuch-S aredesignedprimarily
forthestrengthrequiredtocarrya givenstaticload,therelative
stiffnessi considerablyreduced,particularlyintheresistancetocam-
berdeformation.Thistendencyforwingstodeformincamberhasintro-
duceda newekmentintheflutterpicture,namely,a needfora method
ofanalysisthatcantakeintoaccountsuchdeformations.Sucha pro-
cedureshouldbesuitableforprogramingon digitalcmputingequipment
andcouldbeusedasa referencealculationforthecorrelationfdata.
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Inreference1,severalaerodynamictheorieswerediscussedandused
incomparativefluttercalculations.Pistontheory,describedindetail 6
inreferences2 and3, was one of the slzrpler methodsdiscussed.Itwas
showntogiveresultsinagreementwithmoreexactheorieswhenusedin
,two-degr~-of-freedomfluttercalculationsforMachnunibersgreaterthan
about2. ItIseasilyadaptabletothepresentproblemofincludlngcam-
berdefomatlons,becauseofitsinherentsimplici~.A qpasi-stea~
aerodynamicmethod,deducedfromsecond-ordersteady-flowtheory,was
alsotriedforcomparisonwithpistontheory.Bothofthesemethods
allowtheeffectsofairfoilshape andthickness,whicharenottreated
inthelinearizedaerodynamictheories,tobeIncluded.
Inthisreporta procedureforflutteranalysisutilizingthenor-
mal(coupled)vibrationmodes,whichincludecamberingdeflections,a
thestructuralinputispresented.Thefirstpartofthereportcontains
thederivationftheflutterdeterminant.Thesecondparthasthe
resultsofseveralapplicationstolow-aspect-ratiowingsandpresentsa
comparisonwithsomeexperimentalresults.k ordertoillustratehepro-
cedure,a samplecalculationisgivenintheappendti.
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WingSemispan,ft
IxD/v
function,lb~ft~sqft
x-cmrdinateatendsofmass
Machnuniber
genera~zedmassformode 1
massperunitarea,slugs/sq
massofstore,lb-sec2/ft
interval
ft
coefficientsofpolynomialsapproximatingmassdi.stri-
butlonatstationn inintervalK
index Indicatingspanwisestation
nuniberofspanwisestationsusedto”approximatewing
properties
degreeofpolynomials
pressure,lb/sqft
staticunbalanceofstoreinpitchaboutattachment
point,lb-sec2
thichesstermsdefinedbyequation(26)
kineticenergy
time,sec
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e P airdensi*,slugs/cuft
l u) circularfrequency,radians/6ec
% Ithnaturalcircularfrequency
Subscripts:
i,j Indicesindicatingmode
m freestream
p)q)r)e tidicespertainingto termsInpolymmlals
R reference
K indexwMch denotestheintervalalongchordoverwhich
massdistributionisapproximatedbya parabola
,Superscripts:
1,2,3,. ..n spanwiset3tation
Matrixnotation:
.
.
[1 sqwe
12 diagonal
A dotavera s@bolindicatesclifferentiationwithrespectotime.
ANMYSIS
Inordertodeveloptheprocedure,certainclassicalmethodsof
flutteranalysisaretobeapplied.Considera wingofarbitraryplan
formwhosemass,stiffness,andgeometricpropertiesarelmown.A right-
handcoordinatesystemx’,y’,z’,asshowninfigure1,withtheorigin
attheleadingedgeofthewingrootisusedtodescribetheseproperties.
Thewtnghasa flapwhichishingedaboutitsownleadingedge.Theair-
foilshapeisde6cribedbya surfaceZ(x’,y’) whichismeasuredfrcm
themeansurfaceofthewingti istakenaspositiveawayfromthemean
surface.Themassdistributionis m(x’,y’),themassperunitareaat
W pointonthewing.Thestiffnessinfluencefunctionis k(x’,y’),d
anequivalentsprtngconstantatanypointonthesurface.
.
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Derivation0$Eqyationsof Motion
Assumethatthedeflectionscanbedescribedbysuperposingthe
firstI vibrationmodesofthewing.It1sassumedforconveniencethat
thesemodesarenormalmodes.Then,if fi(X’jY’)isthemodelfunction
describingthedeflectedpositionofthemeansurfaceintheithmodeand
Ei(t)isthecorresPo~wt~-dqe~gt generalizedcoordinate,the
ccaple~descriptionofthepositionofthewingis
I
Z(x’,y’,t)=
x
fJx’>Y’)@) (1)
1=1
Withthepositionofeachpointsodescribed,theequationsofmotion
canbewrittenwiththeaidofIagrange’seqmtionintheform
(2)
whereT and U arethekineticandpotentialenergies,respectively,
F isa dissipationfunction,and ~ isa generalizedforce.
ICheticandpotentialenergies.-Thekineticandpotentialenergies
ofthesystemcanbedeterminedbyusingthepropertiesofnormalmodes.
Thekineticenergywillbe
‘=$ I [ 1m(x’,y’)&(x’,y’,t)2dx’dy’ (3)
s
whereS denotesintegrationovertheentiresurfaceofthewing.Com-
biningequation(1)withequation(3) yields
—
II
T=l2 ~ ~ ~i(t)ij(t)~m(x’,y’)~t(x’,y’)]~j(x’,y’jdx’*
i=lJ=l s
Sincethemodalfunctionsarenormalmodes,the
derived,forexample,inreference4,applies.
—
(4)
orthogonalttyrelation,
Thatis,
b
“
. .
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where~ isthegeneralizedmassinmde i. Thus,thekineticenergy
canbewrittenbyusingequation(5) as
ThepotentialenergyofthesystemIs
J 2u;=- k(x’,y’)[z(x’,y’ t)ldx’
s
Substitutingequation-(1)Intoequation(7)yields
II
(7)
u;=- 11 ‘Jt)’MTi(x’’y’)h(x’’)lh(x(y’’y’!lti’ “ ‘8)i=l J!=l s
Now,the orthogonalityrelationofeqpation(5) can bewrittenas
Ik(x’’+’Jx’’)lh(x(y’ y’!l&’“ ‘“i%~‘1=‘)1
whereUi isthenaturalfre~ncyofmode i. Thus,thepotential
energyis
(lo)
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Dissipationfunction.-Reference5 discussesthedevelopmentofa
dissipationfunctionwhichisconvenientforallowlngforinternaldaqping
Influtteranalysesfortheparticularcaseofharmonict- variation.
Ibisfunctionisa convenierjtexpressionwhich,whendifferentiatedwith
respectothevelocities~i(t)~givesthegeneralizedmm forceIn
thesystem.Forh wingwhich asstructuraldaqping,thedissipation
functioncanbewritten
(U)
wheregi isthestructuraldampingcoefficientinmode i.
Equationsofmotion.-operatlngonequations(6), (10), and (n),
asindicatedbyequation(2),yieldstheequationsofmotion
M;ii(t)+gi~~ ii(t)
Generalized
I
.
J=l
Forces
(12)
Theexternalforcesactingonthewingwhichinfluencetheflutter
systemareaerodynamicforces.Theseaerodynamicforceswillbecalcu-
latedbytwoprocedures:(a)pistontheoryand(b)a quasi-steadymethod
basedonsecond-ordertwo-dbensionaltheory.
Pistontheory.-Pistontheoryhasbeendevelopedanddiscussedin
references1 to3. Thebasica sumptionsofthistheoryareslender
profilesandhighMachnumberstM2>> 1.0).Asa resultof theseassump-
tions,the x’ camponentoffluidvelocitychangesverylittlealongthe
profileandIsalwaysmuchgreaterthanthespeedofsound.Thismeans
thatdisturbancesatonepointonthewinginduceonlya smalleffect,at
anotherpoint.Pistontheoryneglectsthesesmallinducedeffectsby__
assuminga point..functionrelationbetweenpressureanddownwashvelocity.–
TM.srelationassumesthatthelocalpressureonanairfoilisrelatedto
thelocalfluldvelocitynormaltothefreestreamintheS= manner
thatthepressureona pistonina one-dime~ionalchannelisrelated
tothevelocityofthepiston.Obviously,three-dimensionaleffectsare
notincludedinpistontheory.However,theseffectsonwingsare
relativelysmallathighflightspeeds. .-.
Thesecond-orderpiston-theoryrelationbetweenpressureanddown-
wash,asgivenInreference3, Is . .-
.-
—
—
—
u-
.
Nhwim 4335
(13)
Thedownwash(orpistonveloci~)atthepointunderconsiderations w
and w/a shouldbelessthan1.0. !this~ressionhasbeenfoundto
applyreasonablywellforMachnumbersgreaterthanabout2.0.
Quasi-steadysecond-ordertheory.-Anexpressionsimilartopiston
theoryforthepressureona wingcanbeobtainedfrmnthesecond-order
theoryforste~ flowwhichisgiven,forinstance,inreference6. u
the localsteadyangleofattackata pointonthesurfaceisreplaced
bytheinstantaneous(slowly_ng, hencequasi-steady)localangleof
attack,thepressureatthepointis
()[.pa,~ l?+?&+ 1)- kp, 2P -Pm $. )] (14)4p3hi ~
Equation(14)approachesthepiston-theoryp essure(e. (13)) if the
Machtier is very krge; that 1s, B S=M. ?Equation14)containsno
assumptionabouttheMachnumberbeinglarge;thisexpressioncouldgive
moreusefulresultsforpressure- pistontheoryina rangeofMach
numbersaround2.0.
Downwash.- ThedownwashappearingInequations(13)and(14)1sthe
instantaneouslocalslopeinthestresmdirectionmultipliedbythefree-
stresmvelocity.Itcanbeseparatedintodisplacementandairfoil-shape
terms(asinref.2)whicharenotthesamefortheupperandlowersur-
facesofthe~. If Z(X’,Y’,t) isthepositionofthemeansurface
and
the
For
For
2(x’,y’) &scribes&e-con%zrofthe-airfotlsurfacemeasuredfrcuu
meansurface,thedownwashwillbe
theuppersurface:
w=(v*+*)z(xf,Y,,t) +V*(XJ,)
thekwer surface:
‘=-(%’’az(x’’y”t)‘Va(:fy’)
(15.)
Downwashispositivewhenmeasuredawayfrwnthesurfaceofthewing.
Differentialpressures.-Pressuresactingonthewingsurfaceare
foundbysubstitutingequation(15) intoequation(13)or (14).The
10 NACAl!N4335
u
differentialpressure,inthepositivez’ direction,actingacross
thewtngisthendeterminedbysubtractingthepressureontheupper
surfacefromthepressureonthelowarsurface.Ifonlytinm-dependent L
terms andtermswhicharelinearindisplacementareretained,thedif-
ferentialpressurewhenthepistontheoryIsusedIs
Ap(x’,y’,t)= [ ][ *+~).(x’}Y’}t] (M,-2pal+ G& Z(x’,y’,)V
where G =~Y;lo Useofthequasi-ste@ytheorywoul.dmultiplythe
right-handside,ofequation(16) bya factorof M/B andchangethe-fac-
M4(7+ 1)- 4B2tor Gto6=
2$3
l Thefactor6 approachesG forvery
largeMachnunibers.
Themodalrepresentationofthewing’smotion(eq.(1))canbesub-
stitutedintoequation(16) andtheresultingeqmessionforthediffer-
entialpressure.is
I
1[ 1[af(X’,y’)@(x’,y’,t)=-2pal+G&Z(x’,y’) V ‘h, 1Ej(t)+fj(x’,Y’)i$(t)J=l
(17) “ -
Generalizedaerdynamicforces.-Thegeneralizedaercxlynamicforce
inmode i carrbeinterpretedintermsofthetotalv$rtualworkIn
.
mode i duetotheaerodynamicforces.As showninreference4,this
—
generalizedforceIsdeterminedbytheintegrationoverthesurfaceof
theproductofthedifferentialpressuredistributionandthedeflection —
dist~ibutionin
isusedforthe
For
the
Qi=-2pa
mode i. Theresultforpistontheory,*en equation(17)
pressure,is —
I
I J[ &t -1[afj(x’,YI)a Z(xt,yf) v *,l+G— Ed(t)+J=l g
fJ(x’Jy’)’J(tjFi(x’~y’lti’“ (M)
systematicevaluationfequation(M),itb convenienttoseparate
termsasfollows: b
.
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(19)
s
.J
l
Equations(20)areparameterswhichareconstantfora givenwing,
. depending* onthemodeshapeandthecontourofthewiugsurface.
Thequasi-steadyerodynamictheorywillalterthegeneralizedforce
~xpression(eq.(19)) by the multiplicativefactorM/~ andmibstitute
G for G.
FlutterDeterminant
Theflutterde~t forthh S@elZ ma, be obtainedfrWlthe
equationsofmotion(eq.(I-2))andthegeneralizedforces(eq.(19)).
Inordertoobtaina fluttersolution,theassumptionIsmadethatthe
_iIlg coefficient111all*S iS the S-j that 1S, gl =*=**==&
KIM assuqtionofsimpleharmonicmotionisnotre@red whenthesimpli-
fiedaerodynamictheoriesareusedsincetherootsofthecharacteristic
equationcouldbeexamineddirectly.However,thisprocedureispresented
intheusualformforfluttercalculationsbylettingthetimevariation
bea simpleharmonicVariationtoobtaintheborderlinefluttercondi-
tion.Ifeqpations (12) and(19) are cambinedandthetermsrearranged,
theequationsofmotionatflutterforpiston-theoryaerodynamicsbecome
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[)~2XMIq
( )(bRi% ‘iJ
where
Thesubscript
-+++j3kJ+4+=
+GDIJj Fj=o (subscripti =1, 2, . . .1) (21)
id
E(t)= Fe
2.
( )(x=% l+ig)
1
(22)
%=%V
R referstoanyconvenientreferencestation.
Therequirementfora nontrivialso~utiontoequations(21)isthat
thedeterminantofthecoefficientsof ~. mustvanish.Thus,inmatrix .
notation,
l~~(x~~-.]+
where [1 Inticates
. .
a squarematrixand Fil indicatesa diagonal
matrix.Thiseqpationmustbesatisfiedatanyreducedfrequency,Mach
number,anddensityaslongasthemotionisslnrpleharmonic.A common
methodofflndlngtheborder~necaseofneutralstabilityisbysolving
forthevelocityatwhichzerodampingisrequiredtomaintainharmonic
motion.
Thisflutterdetemd.nanthasbeenderivedbyusingpiston-theory
aerodynamics.Ifthequasi-steadypress~esgivenbyequation(14)had
beenused,theflutterdeterminantwouldbethesameexcept-that~
wouldreplaceM andthefactorG wouldbereplacedby G.
Thefluttereqpationsa derivedhereincontainairfoil-shapeterms.
Theusualassumptionflinearizedsupersonictheoryisthattheseterms
arenegligible.Inordertodropthicknesstermsfromthiscalcuhtlon
andthushavea highlhchnumberlow-frequencyapproximationf rlinear
theory,ItisonlynecessarytosetthefactorG (or 6)eqtitozero
whereveritappearsintheflutterdeterminant.-
k
—
.
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RepresentationofWhg Deflections
Closed-formevaluationfthesurfaceintegralsdefinedbyequa-
tions(5)and(20)Isnotpracticalforthecomplexmodaldeformation
shapesnormallypossessedbywings.Inthisreport,a numericalevalua-
tionoftheseIntegralsI accomplishedbyappro-tingthewingcharac-
teristicsata limitednumiberofspanwisestations,perfomningthechord-
wlseIntegrations,andthensumnfngspanwise.Inordertousethis
method,thewingisdividedintoN spanwisestations,paralleltothe
airstream.Ateachofthesestations,thechordwisedistributionofdis-
placementinmode i isapproximatedbya polynomialofdegreeP over
thechordaheadoftheflapandbya polynomialofdegreeQ uverthe
flap,asshowninfi.gure1. Thatis,thetotaldeflectionatstationn
inmode i isgivenby
p=o
fi(n)(x)= hi(n)Xq
f( )
~q=o
wherex isa nondhenslonalstresmwise
(OSXSXJ 1 (24)
coordinate havingthe value
zeroattheleadlngedgeand1.0atthetrailing
Cknts (%(n))p‘d (b.(n))q‘e Comtitso
tionsapproximatesthemodalfunctionfL(X’,Y’)
tionhasbeenreplacedbyanapprodmationat N
denotedbytheindexn.
edge. Thecoef’fi-
Thisseriesofeqm-
wherethe y‘ varia-
spanwlsestations,
Thesurfaceintegr-ofequation(20)canbewrittenintermsof
thedeflectionpolynmnialsbysubstitutingequation(24).Theintegrals
ofequation(20)involvetheproductsoftwopolynomialsortheproduct
ofa polynomialndthederivativeofanotherpolync%dal.Thespanwise
coordinateb comesy,whichiszeroatthewingrootandunityatthe
tip. Thechordtiseintegrationsfor ciJ and DIJ aredoneby~ts
inordertogettheairfoilcross-sectionalpropertiesinconvenient
fOrm.Thw, equations(20)become
-4
.
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(a)
The p and s,(n)termappearinginthesequationsareconstants
whicharedeterminedbytheairfoilthicknessandcrossectionandare-
definedbythefollowingequations: \ l
1t‘n)=(’J’p.#q-vfox’“-’[*]& .vsV(n)=F*l-Lav[*l-~I;’v-lF*l-“)
wherev takesonthevaluesofthein~es inequation(25).The
quantityZ(n)(x),illustratedinfigure2,describestheairfoilcontour
it stationn
chord.
Whenthe
becomezero.
andistakenaspositivewhenmeasuredawayfrcmthemean
thickness goestozero,the tv(n) and S(n) termsv
However,aspreviouslymentioned,a zero-t~icknesscalcula-
tioncanbeaccompllskdn--ricald.ybysettingG or ~ equalto zero.
.
.
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GeneralizedMass
Distributedmass.- ThegeneralizedmassMi (definedbyeq=(5))
canbeccsnputedinanyconvenientmanner.Howaver,iftheW- iS Of
solidconstructionorhasalass distributionwhichisnottooirregular,
themassdistributioncanbeapproximatedatthe N stationsdiscussed
ina previoussectionbya seriesofparabolas;thusthegeneralized
masscaneasilybeevaluated.Ifthewingchordata epanwisestationn
isbrokenintoK arbitraryintervals,asshownInfigure3,themass
perunitareainanyoneoftheintervalsK isgivenby
m(n)(x) = (ml.(n))K+(L&++(m$nqKx2 (z-lsX52J (m
Ifthewinghasanaileron,theappropriatemassintervalcanbemadeto
coincidewiththeaileron.!l%atis, ‘K-l‘U ‘~ xl forthe
exampleillustrated.WiththeMss distributionapproximatedinthis
mannerandthedeflectionsapproximatedbyeq,,tion(24),thegeneralized
massfrcmequation(5)becomes
(28)
External stores andpods.- Inordertoaccountforrigidlyattached
externalstoresorpods,additionsmustbemadetothepreviousanalysis.
Forthepresentcase,theassumptionismadethataerodynamicforces
acthgonthebodyarenegligible.Thism-m that the terms Aid, Blj~
CiJ,and Dij &finedbyeqyatlon(20)areundfected.Theonlymy
thatthestorescanentertheproblemisthroughtheklnettcandpotential
energiesandthedissipationfunction.
-’
.
.
16
Ifthestoreisrepresentedbya
unbalauceaboutitsattachmentpoint,
andslopeInthestreamdirectionfor
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concentratedmass,inertia,and
theattachmentpointdisplacement
mode i beinggivenby 8i t
—
and e,,respectively,theincrementinkineticenergywhichmustbe
added~oequation(4)is l
Theorthogonalityrelationbetweenormalmodeswill.applyformodes
determinedwiththeadditionalmassof thestoreinthesystem.Thus,
thegeneralizedmass~ fora wingcarryingexternalstoreswouldbe
.
%=1‘(x’’y’)k(x’’u’titi’“+ [~’f+‘~ei’i+1%3’:](’
s
Withthisnewdefinitionfthegeneralizedmass,thekineticandpoten-
tialenergtesandthedissipationfunctiouappearasbeforeinequa-
tions(6),(10),and(lL).Therefore,ifa wingiscarryingstores,
thegeneralizedmassgivenbyequation(28)mustbeincreasedbyan
increment
‘i
Thisisthemasseffectofthestore.Iftheaerodsmamicforcesare
.
.
(3U
known,theycanbeincludedalongwiththe-otherae~odynamlcterms.
APPIZCATIONANDCCMFMRISONWIZHEXPERIMENT
Themethodescribedintheprevioussectionhasbeenusedtocal-
culatethefluttercharacteristicsofseveralcantileveredwingsat
supersonicspeeds.Ty@calresultsofthesecalculationsa dcompar-
isonswithexpertientwill.bepresentedfor-fhreewings.Piston-theory
calculationsforMachnumbersaslowas1.3weremadeforcomparison
tith~er-nt andwithqpasi-steadytheor!y,althoughthepiston-theory
regionofapplicabilitysusuallyconsideredtobeMachnumbersgreater
thanabout2. u
.
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Twoofthewingscoveredbythesecalculationswere600and45°
flat-plated ltawings.Theirairfoilsectionswereflatwitha slight
bevelattheleadlngedgeandwereapproximately0.5percent thickat
theroot.A thirdwingstudiedwasa uniformuntapered45°sweptwing
with a panelaspectratioof1.33.Itsairfoilsectionwasflatsided
withbothedgesbeveledandwas1.4percenthick.Thegecmetric,mass,
andvibrationcharacteristicsofthesewingsm?egiveninreference7.
Their~rimental fluttercharacteristicswerereportedinreference8.
ApproximationofWingProperties
Forthewingsunderconsideration,the_imentally determined
cambermodeshapesfrcmreference7wereapproximatedbylinear,quad-
ratic,andcubicpolynomials.Thus,themaxhumvalueof P frcuu
equation(24)was3. Noneofthewingshadflaps;thus xl inequa-
tion(1)maybe setequalto1.0. Theaccuracyoftheapproximation
forcambermodeshapesisillustratedinfigure4 wherethecambermodes
andtheirpolynomialpproximations=e plottedatvariouspanstations
forthefirstthreevibrationmodesofthe45°deltawing.Figure4
alsoshowsthelargeamountofcamberdeformatlonpresentnwingsof
thistype. Theapproximations-e seentobebestnearthetipwhere
thedeflectionsarethegreatest.Aleo,theapproximationsarebetter
inthelowermodes(figs.k(a)and4(b))thaninthethirdmode
. (fig.4(c). Betterappro~tionsInthehighermodescouldprobably
beobtainedbyusingpolyncdalsofhigherdegree.
b
Forthisgroupofwings,tenspanwisestations(N= 10)at95-,
85-, 75-, . . . 5-percent spanwere chosen forcomputingthesystem
properties.Spanwiseintegrationsweremadebyusinga ten-point
numericalintegrationscheme.
The 60° and45° flat-plated ltawingshadconstantmassdistribu-
tions,thebevelbeingneglectid.The45°sweptwingwasa platewith
bevelededgessuchthatthemassdistributionwasproportionaltothe
thicknessatanypoint.Thechordwisemassdistributionwasconstant
overthecenterportionofthechordand.hada linearvariationover
thebevelededges.Equation(27)describedthl.sdistributionaccurately
tith K= 3.
ResultsofFlutterCalculationsonFlat-PlateD ltaWings
Thecalculationsononewing,the600fI..at-platedelta,arefully
describedinthea~endix.!DMresultsareshowninfigure5 andcom-
4 paredwithqerhent frcmreference8. Fourseparateresultsofthts
three-modecalculationareshown:forpistontheorywithandtithout
theatifoll-thichesstermandforqpasi-steadytheorywithandwithout
.
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the thickness term. The flutter frequencies, shownas ratios to the
lowest natural f rquency, are calculated by all. methodsto within 17 per- ““
cent for Machnunibersfrm 1.3 to 3.0. The flutter boundaryisshownin “
figure5 asa plotofthestiffness-altitudeparauteter% r~ p against
Machnumber.
Thestiffness-altitudeparameter,usedinfigure5 andsubsequent
figures,dependsonlyuponthephysical properties of the wing (in
particular,thestiflness)andupontheatmosphereinwhichitoperates.
Itsvalueincreasesa eitherthealtitudeorthestiffnessincreases.
.-
WhenplottedastheordinateagainstMachnumber,asinthesefigures,
constitdynamicpressurecurveswillappearasradialinesthroughthe
origin.Thestableregionwillbeabove-theflutterboundary.
Inthiscase,pistontheorypredictsflutterontheconservative
sidewithin23percentofexperimentat M = 1.3 and within 9 percent
at M= 3.0. Quasi-steadytheorypredictsflutterstillmoreconserva-
tively,within45percentat M = 1.3 andwithin12percentat M = 3.0.
Inbothinstances,aswouldbeeqectedfora thin,flat-platewing,
thicknesstermsintheaerodynamictheoryhadverylittleffect.It
shouldbenotedthat,ona percentagebasis,boththeoriesgivebetter
agreementwithexperimentastheMachnumberbeccmeslargerandthe
reducedfrequencybecomesmaller.
Zheresults ofsimilarthree-modecalculationsa 45°flat-plate -
deltawingareshowninfigure6. The experimental data are from refer-
—
ence 8. Agreementbetweencalculation and experimentis better than that <
for the 600 delta wingbutthecalculationsarenowslightlyunconsema-
tlve.Pistontheorydeviatedfromexperimentby14percentat M = 1.3
andby3 percentat M = 3;thus,theaccuracyimprovedastheMachnum-
berincreased.Quasi-steadytheoryshowedbetteragreementthanpiston
theoryinthiscase,2 percentat‘M= 1.3and M ~
nesstermsintheaerodynamictheoryhadverylittle
culatedflutterspeed.Calculatedflutterfrequency
6 percentatallMachnumbers.
ResultsofFlutterCalculations.ona
3. Again,tfiick-
ffect on the cal-
was good, within —..—
Flat-Plate45°SweptWing
Theresultsofcalculationsmadewiththreemodesontheuntapered
45° sweptwlng are shownin figure 7. Agreementwith e~erinmrbal data
from reference 8 is not nearly as good as that for the delta wings. ~
calculated flutter frequency is seen to be high by about ~ percent for —
all four methodsof calculation. Theflutterboundaryispredicteduncon- k ““
servatlvelybyallmethods.A possiblee@anationforthesizabledis-
crepancybetweencalculations& d~rbnt isthelargetipeffect. .-
.
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Especiallyat lower M&chruuibers, this wing will have a large portion of
it; surface influenced. effect was not present
by
on
the tip, whichiiparalleltothe-fl-m.~is
thedeltawings.
coNcmINGBEtmRKs
A highsupersonicMachnuniberflutter-calculation procedure for
wingswithcaniberin their vibrationmodeshasbeendescribed.Thenor-
M1 (coupled)vtbrationmodesofthewingareutilizedandtheircamber
deflectionsareapproximatedbypolynmial.s.Thewingmayhavea con-
trolsurfaceandmaycarryexbernalstores.Aerodynemlcforcesonthe
storesareneglectedbutcouldbe includedifdesired.Theaerodynamic
forcesactingonthewingareobtainedfrompistontheoryandalsobya
quasi-steadymethodbasedonsecond-ordersupersonic&ory. Bothaero-
_c theoriesdbw airfOil shapeand thicknesstermstobe included.
UseofthepistontheoryrequirestheMachnumbersquaredtobemuch
greaterthan1 andbothaerodynamictheories~equirethereducedfre-
quencytobelow.
The~thodwasusedtocalculateheflutterspeedofthreecanti-
leveredwingsfrcmMachnumbersof1.3to3.0. Goodagreementwith
~riment was foundfora 600 and a 45° flat-plate delta wing. Sizable. differences fram experimentresulted whenthe methodwas applied to an
untapered45° swept wing.
b
IangleyAeronauticalLaborato~,
NationalAdvisoryComnitteeforAeronautics,
~ky Field,Va.,August8,1958.
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APPENDIX
SAMPLECALCULATIONSONA 6ooFIAT-PLATED LTAWING
Themethodoffluttercalculationsde cribedinthebodyofthe
paperisillustratedhere for the 600 f I.&t-plate delta wing. Thewtng
wasmadeof a flat plate of metal and was cantilever mountedat the root. ~
All ccqutations were performedon digital ccmrputers.
Themodaldataneededinthecalculationaregivenintable1. The
firstthreevibrationmodes=e usedandthewingdeflectionsaredeter-
minedattenspanwisestations.Inordertospecifythechordwisepoly-
nomialforeachvibrationmodeandateachstationn,thedegreeof_the
polynomialP tidthecoordinatesofthe”polyn~l at P + 1 chordwise
pointsaregiven.Then,by solvinga setof P + 1 simultaneousequa-
tions,theconstantsofequation(24)canbeevaluatedforeachsta-
tionn andeachvibrationmode.
Withtheconstantsofthedeflectionpolynomialsdetermined,the
flutter-determinantelementsgivenbyequations(25)- (28)canbe
evaluatedbyusingthemassandgeanetricdatagivenintableI. Note
thatforthisflat-platewingthemassdistributionisconstant.The
airfoilhasbeenassumedtohavezerothicknessattheleadingedge, l
flatsides,andnonzerothicknessatthetrailingedge;thusallthick-
(n)
ness terms are zero except to .
the xl dheneion Is set equal to
determinantcomputedbyusingthis
r1.1007469
RI -4= 10 0
L o
Thewingdoesnothavea flapso d
1.0.Theelementsfortheflutter
dataare
c1
2.2970845
0
0
0 J0.92344991
—
..
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[1bR2% j = 10-2
bR [1‘id =
10-3
%[J2Ci =10-4
O.247456X
-0.24%0129
L0.068579763
r3l9726354
-o.2@8926
-0.14509758
0.50658132
-0.-5494
L 0.4~35938
r3.125g500
-0.50451053
.2.7703439
1.~1~1
-0.15541714
-0.2k9’@W2
-oo2k6g89u
8.230k250
0.071423539
1.1599243
1.2900028
1.1803g51
-0.50451053
6.9u9095
0.54545789
-o.47849789-
1
0.34179249
0.20163600
-0.14509758”
0.071423468
3.3087173
-o.o14184357
-0.34968308
-0.0371.20715
2.7703439
1
0.54545789
2.67M828
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(Al)
These elements,computedfromequations(25)and(28),together
withthenaturalfrequencies,=e fixedforthiswing.!lheaerodynamic
parameters,Machnuniberauddensity,canbevariedIndependentlyinthe
flutterdeterminantofequation(23).Forexample,ifthewingfluttered
ata densityof0.00063slug/cuftatMachnumber3.0,thefactorG
Is3.6andtheflutterdeterminantis
.
.
. . . .
1 --w--’-’%) --=-’-H+--+ J
TMs canplex determinant can be solved for flutter speed and frequency in B ?.udberof w.
‘l@ most cwmon method is to aubstltutesuccessivereduced frequencies ~ and ta solve each
time for the cc@lex root X, definedby equation (22). At flutter the Ima@nEqpertofws
root, propm’tionelto the damping requiredto produce hamonic motion, is zero. Plots of damping
coefficientand frequency obtained In this manner areehouninf&ure8. hxxnthisfigure itis
seen that the root correspondingto the second natural tibrationmode becam?s unstable at
*=53 andafrequencywhichIs2.33 timss the first natural frequency. Thus, the flutter fre-
quency is 1% cps and the flut*r velocity 16 1,842 ft/eec. !Chiaresult is plhted h figure 5.
If It were desired to use qw+l-steady aerodynwics at the mm?? Wch number, p . 2.g3
vouldbesulstltut edforM and G= 3.58for G Inequation(3). TbetermsG or G can
be set eqyal to sero f&r a zero-thicknesscalculation.
I 1
l . l
.
I 1 !.,, ,’ ,, “,, ,1 ,,1,.
Q *
.1, ,. !,
., .,. ,! ,, “!
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[n)(x)
rfl
Figurel.-
Vb
Figure2.-
~(n)(x)
Schematicdrawingshowingthetingdeflectionf-ora single
mode.
z
A
--------------— -— ----
l 2bxl l
4 2b b
Schematicdrawingofgecmetrlcpropertiesatanyspanwise
stationofwing.
o 2bgl 2b22 2bzK-2 2bZK-1 2b
Figure3.-Ihtervalsforapproximatingchordwisemassdistribution.
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Figure4.-Comparisonbetweenmeasuredchordeflectionmodeshapesand
theirpolynomialpproximationsforthefirstthreenaturalmodesof
a 45°deltawingatvariouspanstations.
.
.
x
(a) Firstnaturalmode.
.
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(b)Secondnaturalmode.
Figure4.-Continued.
(n)
f3
I.0
—
y)z
.8 — — — — — — — ‘ — L .95
.6
.4
.2 -
0
-.2
-.4
------ Measuredmade shape \ \
— Approximatingcurve \ \\
\\
\
-.6 , .25\
~ .55
-.80 .2 .4 .6 .8 I.0
x
(c) Third natural mode.
Figure4.-Concluded.
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